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. We formulate the electroweak chiral Lagrangian in its mass eigenstates, 



and study the its one-loop renormalization and provide its renormalization 

group equations to the same order, so as to complete it as the low energy 
O ' 

I effective theory of the standard model below a few TeV. In order to make 



X 



our computation consistent, we have provided a modified power counting 



. rule to estimate the contributions of higher loop and higher operators. As 

■ one of the application of its renormalization group equations, we analyze 

' the solution to the effects of the Higgs scalar. We find that similar to the 

' SU (2) case, that the triple anomalous couplings are sensitive to the quar- 

I tic couplings (here as). While the quadratic anomalous couplings are not 

1^ ! sensitive, due to the large leading contributions and the accidental cancel- 
Ph. 

JL , lation. The differences in the triple anomalous couplings between the direct 
Mh. 

1^ ■ method and renormalization group equation method are well within the 



detection power of the LHC and LC, if the Higgs scalar is not too heavy 
(say, 300 or 400 GeV). We also suggest a new mechanism to generate the 



H ' negative S parameter through the radiative corrections of the anomalous 

couplings. Comparison of the renormalization group equation method and 
direct methods is provided in the full theory, the standard model, to reveal 
the basic differences of them. The problem of the unitarity violation is also 
addressed for our assumption in the modified power counting rule. 
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I. INTRODUCTION 



The effective field theory (EFT) method [1-3] is a universal and powerful theoretical 
framework for us to understand the laws and rules of the nature. According to its spirit 
[2,3], the practical ingredients of this method should at least include the following two 
basic constituents: 1) the most important dynamic degrees of freedom (DOFs) and 2) 
the most important interactions among these DOFs. For some cases where quantum 
corrections are considerable, we need the third ingredient, 3) the renormalization group 
equations (RGEs), which is indispensable to efficiently sum up large logarithms, like in 
B physics. 4) The only remnants of the higher dynamics are reflected by the initial 
conditions of the anomalous couplings (AGs) at the matching scale, which can affect low 
energy phenomenologies when the RGEs develop from the ultraviolet cutoff ( the matching 
scale ) of the effective theory down to the infrared cutoff ( below which some of the low 
energy DOFs of the effective theory will decouple and the effective description will break 
down, and a new effective theory should be introduced). 

There are two important effective theories, the QGD chiral Lagrangian [4] and the 
electroweak chiral Lagrangian (EWGL) [5,6]. These two theories are suitable to describe 
hadronic dynamics from 100 MeV to 1 GeV (47rvo, with vq — 92 MeV) and electroweak 
dynamics from 90 GeV to 2.5 TeV {Anvo, with vo = 246 GeV), respectively. The RGEs of 
the Ghiral perturbation theory (GhPT) have been studied up to 0{p^) order [7]. While 
the RGEs of the EWCL is still lack. 

The RGEs of the EWCL are necessary due to the fact that most of the AGs (the 
anomalous in AGs means the deviation from the requirement of the renormalizability, 
since after integrating out the heavy DOF, the divergences generated by low energy DOF 
can not be canceled out so that the anomalous operators (AOs) must be introduced ) 
are induced by loop processes in the standard model (SM) and are small, so that if the 
AGs from new physics are not small, the radiative corrections of low energy DOF might 
be relatively important. Since we do not know the actual mechanism of the electroweak 
symmetry breaking, and the AGs can be considerable large, as in the not too heavy 
Higgs case we consider below. The present experimental constraint on the AGs [8] can be 
summarized and estimated as 

(cKi as P) ~ 0(0.01), {a2 as ag) ~ 0(0. 1), {a^ a^ ae a-j «„) ~ 0(1) , (1) 

which indicates that the radiative corrections from the permitted AGs could be large. 
Another pure theoretical reason for us to consider the RGEs of the EWGL is that up 
to the O(p^), the 11 extra operators belong to the marginal operators in the Wilsonian 
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renormalization method [9. 10], we just want to know the behavior of these AGs under 
the drive of quantum fluctuations. More practically, considering the fact that the new 
machines, the LHC and future linear colliders (TESLA or JLC), can increase their mea- 
surement precision up to two orders than the LEP, it is urgent to upgrade the theoretical 
prediction precisions of the electroweak theory to the same order. Furthermore, once these 
machines will start to run, it is quite necessary for the experimentalists to conduct their 
analysis in a universal and modcl-indcpcndcnt way, then the RGEs can meet this end, 
and can provide a powerful tool to comparatively study most of the new physics candi- 
dates. So, deriving the RGEs of EWCL and taking into account the radiative corrections 
of low energy DOF become important, at least should be as important as to consider the 
contributions of operators at 0{p^) order. 

The study of the EWCL is started from quite early time, and can be traced back to the 
references [5] , where the author began to study the independent operator set of the EWCL 
up to O(p^), and in 1993, the authors of [6], A. Appliquist and G. H. Wu, estabhshed 
the relations of the ACs in the EWCL with the usual precision test quantities [11]. The 
ACs in various models have been derived in [12]. The authors of the reference [13] also 
extended the EWCL to include one light Higgs, and recently, the reference [14] explored 
the hght Higgs case to the precision test constraints. In 1996, the authors of [15], H. 
J. He, Y. P. Kuang, and C. P. Yuan, by using the equivalence theorem [16] and the 
modified power counting rule, qualitatively and quasi-quantitative estimated the detection 
power of several possible new machines to these effective operators. The authors of [17] 
have extended the bosonic EWCL to the fermionic part. Recently, the authors [18] have 
explored to formulate EWCL in the partial mass eigenstates. Several groups even have 
studied the complete set of operators of O(p^), and their possible effects in the LHC and 
LC are also analyzed [19]. 

People expect that these operators up to O(p^) might be important in LHC and 
LC. Considering the possible situation for the measurement at the LHC and LC, the 
ACs can be determined at 200 GeV, 500 GeV, and 1 TeV, for instance. The values of 
these couplings might be definitely measured different considering the precision that these 
machines can reach, just like that = 1/137 at mg and = 1/128 at ruz- Then it 
is urgent for us to understand the underlying reason for these differences. 

There arc two obstacles for us to study the renormalization of the EWCL and derive 
its RGEs. 1) The non-linear effective gauge theory is a non-renormalizablc theory (Non- 
renormalizability here means that there will be the tower of infinite divergence structure 
and quartic divergences even at one- loop level), how to consider its renormalization order 
by order? 2) There are so many interaction vertices, how to efficiently evaluate the 



3 



loop contributions of those large amount of Feynman diagrams? We have shown the 
basic conceptions in our paper [20] as to overcome the first obstacle in the framework of 
effective theory, and the second one by using the background field method [21] (BFM). 
In our previous work [22], by using the related conceptions and tools, we have found 
that when the quartic AGs are large (In the Higgs model, corresponding to the case that 
the Higgs is not too heavy), the contributions of low energy dynamic DOF can be quite 
significant, and the predictions of the RGE method and the direct method (DM) (where 
the mass squared terms are dropped due to the fact that in the decoupling limit those 
terms can be safely neglected) are quite different. So it is natural and logic for us to 
examine these properties in the EWCL case. 

In this paper, we will study the one-loop renormalization of the EWCL and derive its 
RGEs. In order to systematically and consistently control the contributions of the higher 
loop and higher operators, we provide a modified power counting rule. Considering the 
fact that the complete RGEs are very complicated (we will provide in our next paper [23]), 
here we only provide the simplified but workable ones. But we would like to emphasize 
that our numerical analysis is based on the complete RGEs and is reliable. We will use 
the conceptions developed in our previous works. The basic computational skills include 
the BFM [21], the Stueckelberg transformation [24], the Schwinger proper time and heat 
kernel method [25], and the covariant short distance expansion technology [26]. With 
these conceptions and methods, we will extract the desired one loop RGEs of EWCL, 
so, theoretically, as to complete it as a reahstic theoretical framework to describe the 
SM below a few TeV. We will also examine the Higgs' contribution to the low energy 
precision test parameters. We find that similar to the SU (2) case, the triple gauge vertices 
are quite sensitive to the large quartic AGs. While the quadratic ones are not sensitive 
for the EWCL of Higgs model, and the underlying reason is due to the large leading 
contributions and the accidental cancellation between a2 and a^. For those cases where 
there is no such cancellation, the quadratic vertices might also be sensitive to the large 
quartic AGs couplings. We also compare the predictions given by the DM. The results 
given by these two methods are quite different in the case of EWCL of Higgs model, and 
the differences are well within the detection power of the LHC and LC. The basic reason 
for the differences are revealed in the full theory, the SM. We also address the problem of 
the unitarity violation related with our modified power counting rule. 

For the conventions of the computation below, we would like to emphasize that, in 
order to avoid inconsistency, all formula are provided in the Euclidean space, including 
the partition functional from the beginning. 

This paper is organized as follows. In Sec. II, the bosons sector of the standard model 
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is introduced. In Sec. Ill, the EWCL Lew up to are introduced, we introduce a new 

basis of the mass eigenstates for the effective operators. In Sec. IV, the renormalization 
of the SM in BFM is conducted to provide a reference for the effective ones. In Sec. V, we 
use the BFM to extract the quadratic terms of quantum fields, to evaluate the logarithm 
and trace, and to construct the RGEs. In Sec. VI, the AGs of the EWCL of the Higgs 
model is analyzed and the Higgs' contribution to electroweak precision test parameters 
are studied. We end this paper with several discussions and conclusions. The appendix 
is devoted to provide the related matrices of the quadratic terms of the standard form. 

II. THE STANDARD MODEL 

The Lagrangian of the standard SU{2) x ^7(1) gauge theory can be formulated as 



jC^-H,-H2- {Dct>)^ ■ {Dct>) 

+lji'^(t)'^(t) - -{(pHf + + ^Yukawa, (2) 

^1 = (3) 

= \b,,B^^ , (4) 



where the W and B are the vector bosons of SUl{'2) and C/y(l) gauge groups, respectively. 
The is the Higgs field, a weak doublet scalar. The //^ and A are two variables of the Higgs 
potential, which determine the spontaneous breaking of symmetry. The and Cvukawa 
are the standard gauge interactions of Fermions and the Yukawa coupling between the 
Higgs field and Fermions, respectively. For the sake of simphcity, the interactions of 
Fermions are neglected below. And the relevant definitions are hsted below 



= d,^^ - d.W; + gr^W'^W^ , (5) 

B^u = d^B, - d,B^ , (6) 

D,<j> = d^<j> - igW^T- - iy^g'B^T'<f> , (7) 

= (8) 



where T" are the generators of the Lie algebra of SU (2) gauge group, and a = 1, 2, 3. The 
Y charge of the field (f) and = —1. The g and g' are the couplings of the corresponding 
gauge interactions, respectively. 

The spontaneous symmetry breaking is induced by the positive mass square fi"^ in the 
Higgs potential. The vacuum expectation value of Higgs field is solved from the Higgs 



5 



potential as = vl\/2. And by eating the corresponding Goldstone bosons, the vector 
bosons W and Z obtain their masses, while the vector bosons A of the unbroken f/(l)em 
gauge symmetry are still massless. The Lagrangian given in Eq. (2) with the Higgs 
mechanism can be reformulated in its nonlinear form by changing the variable 

= -^(^ + /.)[/,C/ = exp(2^) ,^ = 2^^, (9) 

where the h is the Higgs scalar, v is the vacuum expectation value. The f/ is a phase 
factor, and the a = 1, 2, 3 are the corresponding Goldstone bosons as prescribed by 
the Goldstone theorem. 

As we know, the change of variables in Eq. (9) induces a determinant factor in the 
functional integral Z 

Z = y^PW;mPC''exp(-5'[iy,/i,^])det|(l + ^/i)5(a;-2/)|. (10) 

and correspondingly modifies the Lagrangian density to 

C^-H^-H2- ^^i±^ir[L'C/t • DU] 

--dh ■dh+^{v + hf-—{v + hY - 5\Q)ln [l + -h\ . (11) 
2 2 16 V V ) 

As pointed out by several references [27], this determinant containing quartic divergences 
is indispensable and crucial to cancel exactly the quartic divergences brought into by the 
longitudinal part of vector bosons, and is important in verifying the renormalizability of 
the Higgs model in the U-gauge and the equivalence of U-gauge to other gauges. 



III. THE EFFECTIVE LAGRANGIAN UP TO O(P^) (THE RELEVANT AND 

MARGINAL OPERATORS) 

The most general effective Lagrangian Cewi which respects the Lorenz invariance, the 
SU{2) X C/(l) gauge symmetry, and the discrete symmetries (the charge, parity, and the 
combined CP symmetries), can be formulated as 

CeW — ^^EW + ^^EW + 1" ^qd (12) 

^%w — ^B, (13) 

£|V = /3>Co + Eq;,A (14) 

i=l 



6 



where 



Cb^-H^-H^ + Cwz. (15) 

2 2 

Cwz = "^triV ■ V) = -"^{G^Z ■ Z + 2g''W+ ■ W-) , (16) 
4 o 



where G is defined as G = \^g^-g^. After using the relations of Lie algebra and the 
classic equation of motion to eliminate the redundant operators, the complete Lagrangian 

4 

JOJ'ew includes the following independent operators [5,6]: 

Co = '-^MTV,)r , 

Cs = igtr{W,,[V^,V]), 

A = [ir(l/^K)]', 

A = MV,V^)]' , 

A = triV^V^MTVMTV) , 

£, = ir(y^T//^)MTy'^)]', 
A = jN^W^..)F, 

Ca^MTV^Mn)]'. (17) 

where the auxiliary variable and T is defined as 

l^^ = U\d, - iW;T'')U + ^E^T^ . (18) 
r = 2U^T^U = U^T^U , (19) 

with the is the third Pauli matrices. The operators Hi, H2, and Ci, i — 1, ■ ■ ■ , a 
contribute the kinetic, trilinear, and quartic interactions. While operators Cwz and Co 
contribute to the mass terms. 

The effective Lagrangian jCew is invariant under the following local chiral transforma- 
tion 

giW^gl + ^gL^^,gi , 
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Bfxv B^y , (20) 
where the gauge transformation factor gi and gu are defined as 

gL = exp |za\T"| , gn = exp jz/^i^T^j . (21) 

The AGs oij form the effective parameter space, when the effective scale runs from its 
ultraviolet cutoff down to its infrared cutoff, each theory will depict a characteristic curve 
in this space. The initial conditions of the AGs at the ultraviolet cutoff (the matching scale 
of the effective theory and the full theory) reflect the remnant of high energy dynamics, 
while the effects of the heavy DOF to the low energy dynamics can be solved out from the 
corresponding RGEs. By measuring the AGs at different energy scales, we can extract 
important information of the possible underlying theory and induce the actual mechanism 
of the spontaneous symmetry breaking. 

The Higgs model ( a full and renormahzable theory ) given in Eq. (11) can be effec- 
tively described by the effective Lagrangian Cew if the Higgs field is heavy and integrated 
out. The equation of motion of the Higgs field h can express it into the low energy DOFs, 
which reads 

h = %triDU^ ■ DU) + • • • , 

2mo 

._I_,,(V.y) + .... (22) 

ml=\\v^, (23) 

where itlq is the mass of Higgs boson. The omitted terms contain at least four covariant 
partials and belong to operators O(p^). 

At the matching scale, after matching the full theory and the effective theory by 
integrating out the heavy Higgs scalar, we get the following initial condition for the AGs 

^2 1 

/3(mo) = , a5(TOo) = — ^ = — , ai{mo) = , i 7^ 5, (24) 

8mo 4A 

Since the couplings of these AOs are dimensionless, naively from the power law we 
expect that the complete Lagrangian with both relevant and marginal operators is renor- 
mahzable. But, as well known, the longitudinal part of the propagators of vector bosons 
will invalidate this power counting law. Here we emphasize that the terms in the Cqd 
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make it possible in practical computation to simply and consistently discard those quar- 
tic divergences, and make it possible to renormalize the effective Lagrangian order by 
order. 

The above set of operator is formulated in the interaction eigenstates, and below we 
introduce an equivalent basis (in U-gauge) represented in its mass eigenstates A, W^, 
and Z (these particles are the ones detected in experimental facilities), which read 

4 c 

Lew = ~ X] ^i^i + X! CiOi — Omw ~ pOuz i (25) 

1=1 1=5 

03 = \z,.z>^'' , 
o^^'-z,,w+^w-\ 

07 = \{w;:^z^w-^ - w-^z^w^'-) , 

Oii = Z- ZW+ ■ w- , 
O9 = z • w+z ■ w- , 

Oa^ Z ■ ZZ ■ Z , 

Oe = iy+ • w+w- ■ w- , 

Om^ = jW^ ■ W- , 

Omz^jZ-Z, (26) 

where the first 12 contribute to the kinetic, triple, and quartic interactions, and the last 
two contribute to the masses of vector bosons. This set of operators are all expressed 
in the mass eigenstates, while the operators given in [18] are only partially expressed in 
the mass eigenstates, where the authors have only chosen Z and W^, and used B (which 
is not mass eigenstates). That's why we call their basis as operators in partial mass 
eigenstates. And the relevant definitions are given as 

-Ajj,!/ — d^Ai, — di/A^ , 
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d^W^ = d^W^ :F ieA^W^ . (27) 

The fundamental relations between the mass eigenstates and the weak interaction 
eigenstates are determined as 

A = sin OwW^ + cos 9wB, Z ^ - cos OwW^ + sin BwB, 

V 2 V 2 

e^^,tanew^-, (28) 
<^ 9 

where the thetaw is also called the Weinberg angle. There are also some important 
relations, which we list below 

(29) 
(30) 
(31) 
(32) 

where the definitions of F^, F^, and F^, read 

F^u = W;^Z, - W^Z^ , (33) 
F- = Z,W; - Z,W- , (34) 
F^. = W;lW- - W^W; . (35) 

These 14 operators are linearly independent with each other, and are equivalent with 
those 14 bosonic terms in the effective Lagrangian given in Eq. (12). 

Transformation relations of the masses operators of these two independent sets are 
determined as 

^wz = + 1 ^0 = —'^Omz ■ (36) 
And the relations of rest operators read 





= - 

"hi/ 


■9\+ 

^ Q ^ HV ' 




"hi/ 


^ Q ^ H^ ' 


"hi/ 




- ^^M^ - igF^^ 


B^v 


-^A 


4- 7 
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Hi = (-2g"'Oi + 2gg'02 - - 2G''0^ + ^gGg 



H2 
Hi 

>C6 



-Ag^GOe + Ag^GO-r - 2g^0, + 25^09 - g^G^Ok + g'^G'^O^) , 

-^2{-9'Oi-gg02-g''0,) , 



1 



2g'g ^Oi + g'gO^-gg 'O 



'3/ 



= -2 



^05 + 2^06 - 2^'G'07 + 2^'08 - 2^^09 + ^'Oft - g^O, , 



^ {Ag^G^O, + G^Oa + 2^^0f, + 2/0^) , 
I {2g'G'0, + G'O^) , 



>C8 = 



9' 



^^^{2g''Oi-2gg'{02 + 2GO,) 
+g^ (2O3 + ^(406 + GOb - GO, 



9_ 

G 

~2 



-2gO^ + 2gOQ + gGO,-gGO,) , 
Oa. 



(37) 



The reverse relations among these operators, which are quite helpful for us to extract the 
standard structures of the EWCL given in Eq. (17), read 



Omz — 



Omw — ^wz + 2-^0 , 



Oi^4Fr2{9'H2-rg\Ci-C2) 



g^G^ 

+g\-Ci + £.5 + JCe - JCr + Ls - £9)) , 
-^[g\2g"^H2-Ci + C2) 

+g'^ (£1 - £2 + 2(£4 - £5 - A + £7 - A + £9)) 
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5 



I— (g^C2 + ^''(2£4 - 2^5 - 2£6 + 2^7 + A 



Oe = 1^ (->C2 + 2^4 - 2A - 2A + 2>C7 + ^Cg) 
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2^2G3 



\-{2g\C,-L,) + G\C^-C, 



g^G^ 

0„ = (2£„) , 

Ob=^{2C5-2CT + Ca) , 

Oe = A (4A - 2A - 4>C6 + 2>C7 + J^a) ■ (38) 

■^g 

One of the advantages of the set of operators given in Eq. (38) is that it is helpful 
to discuss different symmetry breaking patterns. By setting all terms with Z vanished 
we get the pattern SU{2) — * U{1) [28]; by setting all terms with A vanished we get the 
pattern SU{2) breaks to a global U{1) if the mass of Z different from that of W^. In our 
paper [22], we have studied the pattern that a local SU{2) breaks to a global SU{2). For 
the different symmetry breaking patterns, the corresponding RGEs can be obtained by 
taking the limits to eliminate some of the AGs from the effective Lagrangian. 

The p is related to (3 as 

(39) 

The relations of ECs between ai and Ci are determined as 

Gx 9G2 g C2 C3 / 4n\ 

q;i = -^ + ^-^ + ^, (40) 
— ^ _ g G2 _ ^ C5 Cq . . 

C4 C7 / i o \ 

"^=^-2?G' ^''^ 
^g_JC^_ 2gC2 , Cs _ gC, 2C^ 

g^G^ gG^ G^ g^G g^G g"^ ' ^ ' 
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g^G^ gG^ G^ g^G g^G g^ g^ ' ^ ' 

g'^G'^ gG^ G^ G^ 

9 C5 _ Ce _ CV Cq ^ 2Cc - . 

_<7'^Ci 2gG2 Gs g'G, 

^2^-2 gQ2 + Q2 Q4 

Q C5 Ck C7 Cg Cft Cc / 4„\ 



t/^G Q3 g2Q2 g^ g^' 

^ _g^ 2gC^ _Cs C, 

g^G^ gG^ G^ g^ ' ^ ' 

^ gJCh _ VC2 uo^ 

g^G^ gG^ G^ G^ 2g^G 2g^G 2g^G ' ^ ^ 

— ^8 _ C9 2Ca. ^ ^ 



The inverse relations between the AGs a,; and the ECs C,; read 

2 ' 

rg 

G2 



2 '2 

Ci = l-^(2ai + a8), (50) 



C2 = ^ (oii^^ - + «8/) , (51) 



Q2 



= 1 - ^ ("8^' - 2ai^'') , (52) 

C4 - 1, (53) 

C5 = (1 - (ai + 0:2 + as + as + ag)/) , (54) 
2g^ 

Ge = — — (1 - (aa + as + ag)/ + (ai + a2)c/'^) , (55) 

Cr = ^ (1 - asG') , (56) 

Cs = + 2asg' + {a, + a^)g'G^ (57) 

Cg = ^ - 2a3^' + (a4 + a6)^'C2, (58) 

Ca = — (0:4 + a5 + 2aQ + 20:7 + 2aa) , (59) 
2 4 

C6= -|- + |-(2Q;3 + a4 + 2Q;5 + as + 2Q;9), (60) 
2 4 

Cc = y - |- (2^3 - a4 + as + 2ag) . (61) 
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There is an equation among Ci, C2, and C3, which reads 

G''^C^g'' + 2gg'C2 + C^g"'. (62) 

Such a relation indicates that there are only two of these three parameters are free. The 
coupling C4 is a fixed constant. It is worthy to mention that the factors before the 
gauge kinetic terms of vector field A and Z are not unit. For a large ai and ag, with 
large couplings g and g' , Ci and C3 might be very small ( it is possible for some strong 
couplings theories), which in effect is equivalent to the strong coupling of A and Z after 
normalizing the kinetic terms. The ECs Ci contain not only the contributions of the SM, 
but also those of the AGs. When ctj vanish, these Q reduce to their values of the SM at 
tree level without including the contribution of Higgs. 

There is a remarkable feature, that the AGs «j always appear in the combination with 
g'^, g''^, G^. Such a feature will be quite helpful for us to establish the modified power 
counting rule. 

Thus, there arc 12 free parameters in Ci, including g and g' (please remember G^ = 
9^ + 9"^)- While there are also 12 free parameters in ctj, including g and g'. Such a fact 
also indicates that these two bases are equivalent. 

The Ci are just the EGs of the effective vertices among vector bosons when we calculate 
the 5*— matrix by using the traditional Feynman diagram method in the mass eigenstates, 
and the effects of the AGs of the EWGL and the background of the SM have been taken 
into account in these ECs, as shown in Eq. (50 — 61). 



IV. THE ONE LOOP RENORMALIZATION OF THE SM 

In the spirit of the background field gauge quantization [21], we can decompose the 
Goldstone field into the classic part U and quantum part ^ as 

U^UU, C/ = exp{-^^}. (63) 

[v + h) 

To parameterize the quantum Goldstone field in the above form is to simplify the presen- 
tation of the standard form of quadratic terms. The vector fields in the mass eigenstates 
are split as 

V,^V, + V,, (64) 

where represents the classic background vector fields and represents the quantum 
vector fields. 
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By using the Stueckelberg transformation [24] for the background vector fields, 

^ UWU + {U'dU ,B U^fWU ,B ^ B , (65) 

So the background Goldstone fields can completely be absorbed by redefining the back- 
ground vector fields, and will not appear in the one-loop effective Lagrangian. The Stueck- 
elberg fields is invariant under the gauge transformation of the background gauge fields, 
such a property guarantees that the following computation is gauge invariant from the 
beginning if we can express all effective vertices into the Stueckelberg fields. After the 
loop calculation, by using the inverse Stueckelberg transformation, the Lagrangian can 
be restored to the form represented by its low energy DOFs. 
Similarly, the Higgs scalar is split as 

h = h + h. (66) 

We would like to comment on the relations between the interaction and mass eigen- 
states. The mass eigenstates should be understood as the combination of the Stueckelberg 
fields, and read 

Z ^ - cos 9wW'^ + sinOw B , A = sin OwW'^ + cos 9w B , 

W+ ^ ^{W^ - iW'^) , W- ^ ^{W^ + iW'^). (67) 
V 2 \/2 

Then by using these relations and the definition of Stueckelberg transformation, we can 
formulate the set of independent operators in the mass eigenstates in U-gauge back to 
that of the EWCL in the interaction eigenstates. 

The equation of motion of the background vector fields is determined as 

D^W"'' ^ -aoyvV , (68) 

with ^V^"''^ = {A^^ + ieF^", Z^" - i^F^"", W+'f"", VF"''^^}. The EOM of vector bosons 
derives the following relations 

dln{v + h) ■ Z = --d ■ Z , (69) 
2 

1 1 

dln{v + h)-W+^ — d-W+ + i-^Z ■}¥+ , (70) 

2 2 Cr 

1 1 q'2 

dln{v + h)-W- ^ — d-W- -i-^Z -W- , (71) 

2 2 (_T 

The equation of motion of the background Higgs field is given as 
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2 



(72) 



The gauge fixing term for tlic quantum fields are cliosen as below in order to make 
the quadratic terms have the standard form 



Compared with the Dyson- Feynman method, the number of diagrams in BFM [21] for 
the loop corrections can be greatly reduced. Another remarkable advantage is that, in the 
BFM, each step of calculation is manifestly gauge covariant with reference to the gauge 
transformation of the background gauge field, and the Ward identities have been naturally 
incorporated in the calculation procedure. The method is quite powerful to deal with the 
theories with many vertices, gravity and the nonlinear effective gauge theories (the EWCL 
given below), for instance. At the same time, the freedom for choosing the different gauges 
for the classic and quantum gauge field makes the procedure of calculation simple. The 
Schwinger proper time and heat kernel method [25] in per se is the Feynman integral. 
Combining with the covariant short distance expansion [26] in the coordinate space, these 
methods can considerably simplify the loop calculation. In the next subsections, we will 
use these concepts and methods to help us to extract the RGBs of the EWCL. 

Several groups of authors have conducted the rcnormalization of the SM in the BFM 
[29]. Different from their procedures which are performed in the momentum space, here 
we conduct our calculation in the coordinate space and we only consider up to the one 
loop rcnormalization ( For using the BFM to consider the two loop rcnormalization, please 
refer to the literature of C. Lee in [26] and [32] ). Our purpose here is to check our method 
and to provide a comparison to the rcnormalization of the effective one given in the next 
section. 



We can cast the quadratic terms of the one-loop Lagrangian into its standard form, 
as prescribed in [22], which read 




A. The quadratic forms of the one-loop Lagrangian 
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■-quad 



□ 



IJ,u,ab 
VV 



□ 



X, 



hh — 



j^2Mg,u ^ ^ab^^g,. ^ ^,.^ab ^ 
J2,ij , ij , ij 



(76) 

(77) 
(78) 
(79) 
(80) 
(81) 
(82) 



where V'^ = {A,Z,W ,W'^) and = {^z,^ )C^)) the covariant differential operators 
D = d + Tv and d = d + T^, and the gauge connection of vector bosons Ty is defined as 












ieW, 



-i'aW; 





-ieW+ \ 




\-ieW~ i^W- ie^^-i^Z^y 

The gauge connection of Goldstone bosons is defined as 



/ 



2 IJ. 2 IJ. ' 







/ 



The mass matrices have the form a, 



o,vv 



dta{0, G\v + /i) 2/4, g\v + h f/A, g\v + /i) 74} 



and (jg^^ = dia{G7v + /i)V4, g\v + hf/i, g\v + hf/A}. 
The matrix (72 w is given below as 



liv,ah 
'^2,VV 



and the components read 



/ ^if^ ^ij.f ^iJ.i' 



HI/ 



^2,AA ^2,AZ ^2,AW+ ^2,AW 



/If 



IJU 



^2,ZA ^2,ZZ ^2,ZW+ ^2,ZW- 

flV flf /lU fiv 

^2,W-A ^2,W-Z ^2,W-W+ '^2,W-W- 

HV iiv ^iv fj,u I 

\ ^2,W+A ^2,W+Z '^2,W+W+ '^2,W+W- I 



^2 AA — ^'^ — ^' 



2,AZ 



'2,ZA 



a: 



111/ 
2,ZZ 



= 0, 



^2,AW+ 



—a: 



HI/ 

2,W+A 
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'2,AW- 

uu 
'2,ZW+ 

uv 
'2,ZW- 



— —a: 



2,W-A 



^2,w+z — ^i- ^yy , 



^ 2z— 

^2,W-Z Q ' 

(^2,w-w+ = —(^2,w+w- = ^igW^''^" , 

<^2,W+W+ = <^2,W-W- = 0, 



The matrix (72,^^ is given as 



and its components read 











4 






4 












= ^2,$-$z 


-^^^ 

4 




= (72,^-^+ 


'^r 2 



^ 0'2,fe5z ^2,5z5+ 0-2,5zC- ^ 

0"2,C-5z 0'2,^-5+ 0'2,^-^- 
\'^2,^+iz (^2,i+i+ ^2,«+{- / 



- —ZZ. 



-w+ ■ w- 



(83) 



(84) 



We have used the equation of motion of the background Higgs given in Eq. (72) in this 
step, which is reflected by the terms proportional to A in (J2,^zizj (^2,^+^-, and (T2,^-^+. 
The ahh is determined as 



<Jhh = -^{G''Z ■ Z + 2g''W+ ■ W-) + 'iv' - -\{v + hf . 



X 



V ^'44 
The mixing terms between the vector and Goldstone bosons are determined as 



(85) 



Gdi'h 





-gd''h + ligG{v + h)Zt' J 



18 



while the matrix is just the rearrangement of the , and here we do not rewrite 
it. The mixing terms between vector and Higgs bosons are determined as 

= {0, -Ig\v + h)Z^, -^g\v + -^g\v + ^W-''^} , (86) 

The mixing terms Xh is the rearrangement of the X^ ■ The mixing terms between 
Higgs and Goldstone bosons are determined as 

= {-GZ-, gW-^\ gW+^^} , (87) 
Xko = {-^d -Z^^-d-W-- - G)W- ■ Z, 

\d-W^ + z\{^-G)W^.Z} (88) 
The terms X?l^ and Xl^^ n are omitted here. 



B. Evaluating the traces and logarithms 

By diagonahzing the quantum fields, we can integrate the quadratic terms 
Lagrangian by using the Gaussian integral. And the Ci^ioop can be expressed 
traces and logarithms 

1 



^1- 



■loop 



Tr In □ 



vv 



Tr In D^^ + Tr In D'^, 



where 



of the 
as the 



(89) 



^'hh = ^hh — Xh^vvXh , 

= ^'hh - X'hf^f^^X^h , 
X'h^ = - Xh^vvX^ , 
X'^h = X^h - X^O~\^Xh , 
Expanding the Tr In D^^ and Tr In D'^^ with the following relations 

Trln D^^ = Trln D^^ + Tr ln(l - X^ay\,X^a~l) , 
Tr In Dl, = Tr In + Tr ln(l - X'^^'f^'X^.a',,') . 



(90) 
(91) 
(92) 
(93) 
(94) 



(95) 
(96) 



Since we consider the renormalization, so we are only interested in those divergent terms, 
which can be expressed as 
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Jx 



2 



Tr In Uvv + Tr In U^^ + Tr In 

-Tr{X,^n-lX^,n-l) 

-lTr{X,^D-lX^^D-^X,^D-lX^,n-l) + •••]. (97) 

Due to the property of the Tr, the above equation is independent of the sequence of 
integrating-out quantum fields. The omitted terms are finite and will not contribute to 
the one-loop divergence structures. 

C. Counter terms 

To evaluate the traces in the Eq. (97), we use the Schwinger proper time and heat 
kernel method [25] with the covariant short distance expansion technique [26]. The de- 
tailed calculation steps are omitted here. By using the heat kernel method directly, we 
have the following divergence structures from the contributions of Tr In □ in the Eq. (97) 

le-TrlnD,, = -^H, - i^^!±^(. + /^)^ (98) 

1 g2 1 1 1 
-eTr In D.. = +—Hi + —H2 + —Ci C2 C3 

2 12 12 12 24 24 ^ 

-—£4 + —JO5 - —^(v + hfZ ■ Z 
12 48 32 ^ ' 

+ ^[Xv' - (/ + X){v+W]{G'Z . Z + 2g'W+ ■ W) 

+ ^[3X+{2g' + G')]Xv'{v + W 

-^[{2g' + G') + 2(2/ + G')X + 12X'] {v + h)' 
d4 

-|aV, (99) 

ieTr In = + i-A[»" - 3(i. + lif]{G^Z ■ Z + ig'^W* ■ r) 

I lb oz 

+|a^.^(. + hf - lx\v + W - ^A^-^ , (100) 

-eTrlnn,,= ^ -Ir, + ^^^\ v -rh)\ (101) 

where 1/e = i/167r^(2/e — 7^ -|- ln(47r^), 7^ is the Euler constant, and e — A — d. The 
terms {v -\- hY in the Tr In D^^ comes from the EOM of the background Higgs field Eq. 
(72). The divergence terms from the mixing terms with two propagators are given as 
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^ {v + hf{G^Z-Z + 2g^W+-W-) 



8 

~{2g^ + G^)dh ■ dh , (102) 

-^{v + hf{G^Z-Z + 2g^W+-W-), (103) 
8 

-^TriXhia-lX^h^hl) = -^{tBBi + tBB2 + tBc + tec) , (104) 

^BBi — — — — — Ho H — >Ci H — vCo H — H — jCr. 

6 6 6 6 6 6 6 

4(^-ir>Ca + ^(^-i)^/:„ 

-^{d-zr-^^{d-w+){d-w-) 

2 '2 

-i^[{d ■ W+){W- ■ Z) - {d ■}¥-){}¥+ ■ Z)\ , (105) 

1^ 1^ 1. GV^^ 
^BB2 = - -A - 2'^4 • Z{V + h) 

+ -^[2Aw' - {g'' + 4A)(t; + hy]{G^Z ■ Z + 2g^W+ ■ W') , (106) 

2 2 
^BC = (^ - 1)^A - (^ - l)^'^^o 

+—{d ■ Zf + /(d • W+){d ■ W-) 

2 '2 

-t^[{d ■ W^){W- ■Z)-{d- W-){W^ ■ Z)] , (107) 

Gr 

/ 5^ \ 2 / 9 1 \ 2 

-^{d-zr-^-^{d-w+){d-w-) 

2 '2 

■ W+){W- ■Z)-{d- W-){W+ ■ Z)] . (108) 

2G 



The divergences of the four propagators term is given as 



'-TriXn^U-^X^n^llXn^U-lX^n^ll) = -l^ - , (109) 



The sum over all contributions yields the following total divergence structures as 
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{v + hfiC^Z ■ Z + 2g^W+ ■ W-) 



-'■ \ 2 4 
X V . 

16 



(110) 



The Dtot just indicates that the extra divergences just cancel out exactly with each 
other, and even the terms like {dZY will not appear in the total divergence structures. 
No gauge fixing term of the background fields should be added to the Lagrangian, and 
the equations of motion are just sufficient. 

The coefficients of Hi and H2 have the correct value which contribute to the j3 functions 
of the gauge couplings g and g' , respectively. The coefficients of the terms {v + hY{G'^Z ■ 
Z + 2g'^W^ ■ W'~)/S and dh-dh/2 are equal, and such a fact is not accidental and should 
be the requirement of renormalizability. If we reformulate the Lagrangian in its linear 
form, the combination of these two terms just yields the term (Dcj))^ ■ (Dcj)). Prom the 
requirement of renormalizability of the theory, we know that coefficients of divergences of 
these two terms should be the same. The last constant divergences just contribute to the 
unobservable vacuum, and can be dropped out. This constant will also appear in other 
computational methods, and is not the special feature of BFM. 

Due to the parameterization in the Eq. (63), we have found that there is no quartic 
divergences in the one- loop Lagrangian, contrary to the expectation of [30] . As matter of 
fact, had the authors of the references [30] used the EOM of the background Higgs to sum 
the quartic divergences and higher divergence structures, they would have gotten the same 
result as given by us. In other words, such a fact is independent of the parameterization 
of quantum Goldstone bosons. 

Another remarkable feature is that the EOM of the background Higgs makes the 
counter term of the quartic coupling of Higgs potential in BFM different than that calcu- 
lated in the usual Feynman diagrams in linear representation. This difference is caused 
directly by the term a^^, and might be one of the special characters of the BFM. 

To extract the divergences, we have used the following relation 



H'fSF+^^^ = SiOg + 4i07 + 4Z • W+d -W' -AZ- W'd ■ W+ + Hl^SF^^^ , (111) 
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V. THE ONE LOOP RENORMALIZATION OF THE EWCL 



In this section we will conduct the one loop renormalization of the EWCL, by taking 
the limit that all AGs vanish, we can check the following calculation with the renormaliza- 
tion of the SM, as provided in the above section. Before the actual computation, we would 
like to establish a modified power counting rule, in order to control higher corrections from 
higher loops and higher dimension operators. 

A. The modified power counting rule in EWCL 

Before establishing our power counting rule, we would like to make a brief review on 
the framwork of the hadronic chiral perturbation theory. 

In the usual ChPT approach to low-energy hadronic, the chiral Lagrangian is organized 
as an expansion in powers of momenta 

L^// = L2 + L4 + L6 + ... (112) 

Each term L„, in turn, is given by a certain number of operators 0|"^ with low-energy 
constants I'f'^^ that, a priori, are determined by the underlying theory: 

K^Y^t^Ot^. (113) 

i 

The general expectation of the importance of an operator is that the lower order it 
belongs, the more importance of it. Therefore, in the ChPT, the L2 is the most important 
operator, and determines the propagators of massless Goldstone bosons and the scattering 

2 

interaction at tree level, which can be expressed as C2 ^, (c2 is a 0(1) constant). At 
one-loop level, the scattering amplitude will get the radiative corrections from the loop 
with two of this vertex and with internal lines of Goldstones. While after dropping the 
divergences of the loop integral, we get the finite one-loop contribution of this interaction 
can be expressed as a ^, (a is a constant factor determined by the loop and C2, 

which is of order 1). Such a contribution has the same momentum power with those of 

4 

operators in the L4, which can be expressed as ^. 

In the GhPT, coincidentally (not necessary for general chiral perturbation theories), 
tto; as determined from low energy phenomenologies, like hadronic scattering and decay 
processes, etc, is of the order [31]. 

So, if we go to further higher order, say two-loop order, then we should include three 
parts of contributions, 1) the two loop contributions of pure O(p^) vertices, 2) the one-loop 
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contribution with one 0{p'^) vertex and one 0{p^) vertex, and 3) the tree level contribution 
of 0{p^). The first part can be expressed as (52 the second part can be expressed 

as /?! and the third part can be expressed as /?o The first part contains two 

loop suppression factor j^^, while the second part contains only one loop suppression 
factor j^^- But due to the fact that the /3i is determined by both C2 and ao, so not only 
on the momentum power, but also on the magnitude order controlled by the loop factors, 
the second parts will share the same importance as the first parts. We also expect that, 
coincidently (not necessary for general chiral perturbation theories), the /3o will have a 
magnitude like j^^- So that we expect that such a standard power counting rule will 
hold at any a specified higher order. 

But for the EWCL, it seems not easy to take into account the radiative corrections of 
low energy quantum DOFs (which should include both the massive vector boson and its 
corresponding Goldstone). 

The first difficulty is more manifest when we represent the EGT in their unitary gauge. 
The propagator of massive vector bosons can be expressed as 

iA'^'' = iA^'^ + iAf , (114) 

Ar = ^^, (116) 

my 

where A^ and A^ represent the transverse and longitudinal parts, respectively. The 
longitudinal part of the propagator can bring into quartic divergences and lead to the 
well-known bad ultraviolet behavior. Two direct consequences of this fact are 1) that 
the quartic divergences will appear in radiative corrections and 2) that low dimensions 
operators can induce the infinite number of divergences of higher dimension operators, 
even at one-loop level. In a renormalizable theory, the Higgs model for instance, these 
two problems do not exist. The quartic divergences produced by the low energy DOF just 
cancel exactly with those produced by the Higgs scalar, and no extra divergence structure 
will appear. 

The second difficulty, which is related with the first difficulty, is about the counting 
rule. In the gauge theories with spontaneous symmetry breaking, the marginal interaction 
vertices are proportional to ECs (expressed in both gauge couplings and AGs, as given in 
(61)), not to the momentum power ^ as in the hadronic GhPT. Then by direct evaluating 
the Feynman diagrams, radiative corrections the AGs (which are determined at matching 
scale by the ultraviolet dynamics and there is no reason to assume that they must be as 



24 



small as (4^-) are of the j^^, not as as expected from the SPCR in the hadronic 
ChPT. So the native power counting rule is not proper to be used in this case. While 
we know, in order to collect and reliably estimate the contributions of higher orders (say, 
those of higher loops and higher dimension operators) in terms of magnitude, a power 
counting rule is needed. So to find a consistent power counting rule for this case is 
necessary. 

As we know, for the EGT with spontaneous symmetry breaking mechanism, we have 
at least two ways to collect and classify operators. 

The first way is to collect operators in terms of their dimensions, (not by the mo- 

2 

mentum power ^, as in the above case). We can formulate the EWCL in the unitary 
gauge, then restore the low energy DOFs with the inverse Stueckelbcrg transformation, 
while the ECs are regarded as free parameters, of which the magnitude at the ultravi- 
olet cutoff is determined by the underlying dynamics and the matching conditions. In 
the most general assumption, we regard these AGs are of order 0(1). Then, according 
to the Wilsonian renormalization scheme, EOs can be classified into three groups: the 
relevant operators, marginal operators, and irrelevant operators. The relevant operators 
have mass dimensions less than the dimension of space-time, and have ECs with positive 
mass power. The marginal operators have the same dimensions of that of space-time, and 
have massless ECs. The irrelevant operators have dimensions larger than the dimensions 
of space-time, and have couplings with negative mass power. By study the running of the 
ECs, we can determine the importance of operators, which is controlled by the strength 
of their corresponding ECs. The couphngs of the relevant operators will be dependent 
on the ultraviolet cutoff A = UV in positive powers; those of the marginal operators will 
be logarithmically dependent on the A = UV; while those of the irrelevant operators will 
be dependent on the A = UV in negative powers. If the A = UV is large enough, the 
irrelevant operators will become unimportant, and the relevant and marginal operators 
will mainly determine the low energy dynamics. Such a conclusion is based on the most 
general analysis of the behavior of RGEs without assuming the smallness of the ECs of 
irrelevant operators, as shown in [9,10]. So we can truncate the infinite operator towers 
permitted in the EGT to a specified order. While for the quartic divergences, we can use 
the dimension regularization method, and simply discard them. 

As we know, the groups of relevant and marginal operators include both the renor- 
malizable operators and AOs up to O(p^). Meanwhile, in the general cases, the relative 
importance of an operator might be quite different and is determined by the relative 
magnitude of its EG. For instance, if the coupling is zero or much much smaller, in prin- 
ciple, we can drop its contributions and regard it as higher order corrections; while if the 
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coupling is much much lager than others, this operator should be definitely important to 
the low energy dynamics. Then we should classify it as a lower order operator, i.e. to 
increase its importance for our consideration. So a practical and realistic power counting 
rule must based on the actual information of the relative magnitude of the ECs. 

The second way is to mimic the ChPT by classifying according to the momentum 
power. In this way, up to 0{p'^), without regarding any information on the magnitude 
of the ECs, these operators arc divided into two groups, the rcnormalizablc ones are 
classified to p"^ order, while the anomalous ones are classified as p"^ order. In this way, 
to classify the gauge kinetic terms into 0{p'^) is somewhat ambiguous to the momentum 
power counting rule. But it is unlikely not to include the kinetic terms in this So the 
dimensionlcss gauge couplings have to be set to have momentum power. To classify the 
rest of marginal operators in the group of O(p^), such a counting rule, borrowed from the 

hadronic ChPT, imphcitly assumes that the strength of their couphngs should be of order 

1 

(47r)2 • 

We would hke to point out that such assumptions are too strong for the a general EGT. 
In the framework of EFT, the magnitudes of the couplings of an operator is determined 
at the matching scale. There is no reason to expect that the ACs must be such small. 
Since at the matching scale, those ACs are determined by the ultraviolet dynamics, and 
can get contributions from either the tree level or loop level, or both. The magnitude of 
these ACs is related with both the actual value of the matching scale and the underlying 
dynamics. As we know, the ACs can receive the tree level contributions, like in the Higgs 
model we show in the numerical analysis, in the left-right hand model, etc. Furthermore, 
even determined at loop level, if the ultraviolet dynamics arc strong coupling case, like in 
the Technicolor models, these ACs can be estimated as 77^-%-. If Os is much larger than 
Qyj, the ACs might still be one or two order larger than the expectation of SPCR in the 
hadronic ChPT. 

So we regard that, in order to be more realistic and be consistent with the EFT method 
as a general and universal method, we should abandon the second way of the classification 
of the operators, and before knowing the actual information on the magnitude of the ACs 
(equivalently, the underlying theories), we will treat all relevant and marginal AOs as 
operators in OijP') order by implicitly assuming all these ACs are of 0(1) (This assumption 
is a more general one, and the assumption of the second way of classification is only one 
of its specific cases). So we modify the momentum power counting rule to include the 
ECs of all AOs in the Eqs. (17 — 17) as momentum p"^, like coefficient of the gauge 
kinetic terms l/g"^. And in this way, when extracting the Feynman rules directly from 
the Lagrangian given in , the combination of g^ai in the trilinear and quartic couplings 
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is regarded as of 0{p'^) ~ 0(1). Thus, this modified power counting rule will possess the 
powerful potent of the SPCR, and can be applied to estimate and control the contributions 
of higher loop and higher dimension operators, just like in the hadronic ChPT. 

With this modified power counting rule in mind, below we will study the renormaliza- 
tion of the EWCL up to relevant and marginal operators and derive the one-loop RGE of 
its ECs. 



B. The gauge fixing terms in the BFM 

The equations of motion of the mass eigenstates are determined as 

D'^W'"'' ^ aoyvV , (117) 

These EOM, in effect, act as the gauge fixing of the background fields, and can derive the 
following relations 

d-Z^O, d-W^ = ±i—Z-W^, 

2 

In the background field gauge, the covariant gauge fixing term for the quantum fields 
can be chosen as 

C^GFA = -y (9 • A + jAzd ■ Z - ijAw^- -W^ -W^ ■ W~)f , (119) 

>Cgf,z = -^(a • Z + jziiz - tfzwiW- ■W^-W+- W-)f , (120) 

j0^gf,w = -9w{d ■ W+ + fw^Cw + ifwzZ ■ W+ + ipwzW^ ■ Z + ipwAW^ ■ A) 

{d-W- + fwi^^ - ifwzZ ■ W- - ipwzW~ ■ Z - ipwaW ■ A) , (121) 

where the parameters in these gauge fixing terms are determined by requiring the 
quadratic terms of Lagrangian has the standard form specified in Eq. (139), and they 
read 

9z ^ 

M = --^f, (123) 

9A^C,, (124) 

/az = ^ , (125) 
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gz — - — , 


(126) 




(127) 


PWA — , 


(128) 


r gg 

Jaw — ) 


(129) 


Pwz — , 


(130) 


^gz gz G Ci 


(131) 


f 

Jwz — , 


(132) 



When all the AGs are set to vanish, these parameters will reduce to those of the SM. 

C. The quadratic terms of the effective Lagrangian 

Thus, after diagonalizing and normalizing the variables, we can collect the quadratic 
terms of quantum boson fields in the following standard form 



^quad 






(133) 


f—,IJ.u,ab 
^VV 


= D^'^'g'^'' + a^'yyg'-'' + ai^^^ , 




(134) 








(135) 








(136) 


□ ab 

cc 


_ 7-)2,ob 1 ,a6 




(137) 


X 


^fj.,ai .., o •/ • -^IJ-cejij' ., . J—fj.,aj ^ii,aj 


- daXoSY ) 


(138) 


X 


-^uia ,, -~^va,ib' ,,, -^vAb -^vAb 

^X^pD"'^'D^''' + X D'J + Xoi +Xosz 


^i/a,ib 
+ O^Xq^y 1 


(139) 



where = {A, Z,W- ,W+) and = (Cz,C",C+)- And the covariant differential op- 
erators D — d + Ty and d — d + r^. The gauge connections Ty and are defined 
as 

Fy = X^FyXy, = f , (140) 

where the matrices Xy and X^ are determined by the matrices Wy and PV^ by 
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X^WvXv = l4x4, XfW^X^ = l3x3 . (141) 

The matrices Wy and will be presented below. 

About the matrices given in Eq. (139), due to the fact that A is still massless and has 
no the corresponding Goldstone bosons, the number of vector bosons and of Goldstone is 
different. So we dehberately present the indices of the Goldstone and vector bosons with 
different letters. 

The related quantities given in (139) are defined as 

<^2>y = -d ■ - ■ r^V^ + a^^v , (142) 

= -d ■ r'i - rf • + , (143) 

J^a/3,y _ _ga!3,ij ^ (144) 
J^a,y ^ '^a,i3 _ Q^X'^PM + 2^"^'^'=r^f^ , (145) 

_^a,.fcpfci^ + a^jX^^'^^rJf^ , (146) 



Xoi =Xor, (149) 



-/ia,ai 



Xo3y =-Xr"% (151) 
^ J = -S'S , (152) 

^oT = , (154) 



^03Z — ^03 + "^a/S {'^ V ~ V ) 

XosY ^-Xr^\ (156) 



The tilded quantities given in the above equations are different the ones given below, and 
these two have the relation as = and X^^"""" = X^X^f^^X^. 

The tilded quantities are determined by the following pre-standard forms prescribed 
in [32] 
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t/t" [W^'d'g^'' + 2^'^'^r^'«^9„ + a^'^yg^'' + a^^yl , (157) 



(158) 



(159) 



The matrix Wy' determines the mixing and normahzation of the quantum vector boson 
fields, and reads 



/Ci C2 \ 
C2 C3 
C4 

V C4J 



The matrix W^-' determines the mixing and normahzation of Goldstone particles, and 
reads 



( P o\ 
1 

Vo 1) 



The r^'"* will determine the gauge connection of the covariant differential operators 
D, which have the following form 



J- V 



ab 



/ icAwW-^'' -icAwW+''^ \ 

iczwW-''' -iczwW+''' 

icAwW+''^ iczwW+''^ -ieA'^ + icw+w-Z'^ 
\-icAwW-'^ -iczwW-'^ ieA'^ -icw+w-Z'^ J 



where Caw = e/2 + C5/4, Czw = (C'e — C'7)/4, and cw+w- = C-j/2. The is defined as 







V -if 







where the coefficient = pG/2 — g"^ /G. 
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The mass matrices have the form o-gVy — dia{0, and 
5fg'^^ = dia{-p^G^vy4cZ', -g^v^A, -g^v^A}. 

From the pre-standard form, we can define covariant differentials, as in the [32], and 
collect all quadratic terms into the standard form. We provide all matrices in the ap- 
pendix. 



D. The Schwinger proper time and the heat kernel method 



Since the one-loop effective Lagrangian is Gaussian, we can use the functional integral 
to integrate out all quantum fields, i.e. to take into account the contributions of quantum 
corrections or quantum fluctuations of low energy DOFs. And their contributions to the 
^^■^•^ can be elegantly and concisely expressed 



I 



^l—loop T'^^cc 2 



TrlnDyy + rrlnn^^ 

(160) 



To extract the desired divergence structures, we need to expand this compact expres- 
sion. The expansion of logarithm is simply expressed by the following formula 

{x\\n{l - X)\y) = -{x\X\y) - \{x\X.X\y) 

~{x\X.X.X\y) - -^{x\X.X.X.X\y) + ... , (161) 

and here the X should be understood as an operator (a matrix) which acts on the quantum 
states of the right side. 

To evaluate the trace, we will use the Schwinger proper time method and the heat 
kernel method [25] . In this method, the standard propagators can be expressed as 

{xPv^^,M = ^^exp{-6^r}exp (^-^^ mT{x,y-T) , (162) 

(x|nj"/'"''|y) = / — ^^exp{-eFT}exp (-^W^^,„6(x,y;T) , (163) 

where the ep is the Feynman prescription which will be taken to vanish, and z — y — x. 
The integral over the proper time r and the factor l/(47rr)5 exp (— z^/(4r)) conspire to 
separate the divergent part of the propagator. And the H{x,y; r) is analytic with reference 
to the arguments z and r, which means that H{x, y; r) can be analytically expanded with 
reference to both z and r. Then we have 
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H{x, y; t) = Hq{x, y) + Hi{x, y)T + H2{x, y)T'^ + 

1 



(164) 



Hi{x, y) = Hi{x, y) \:,=y + z'^daHi{x, y) \:,=y + -z'^z^dadpHi{x, y) \^=y H (165) 

where Hq{x, y), Hi{x, y), and, H2{x, y) are the Seeley-De Witt coefficients. The coefficient 
Hfy{x, y) is the Wilson phase factor, which indicates the phase change of a quantum state 
from the point x to the point y and reads 



ry 

Ho{x, y) = exp / r(^) • dz, 

Jx 



(166) 



where r{z) is the affine connection defined on the coordinate point z. Higher order 
coefficients are determined by the lower ones by the following recurrence relation 

(1 + n + z^D^,,)Hr,+i (x, y) + {Dl + a)H^{x, y) = Q . (167) 

All these Seeley-De Witt coefficients are gauge covariant with respect to the gauge trans- 
formation. 

The divergence counting rule of the integral over the coordinate space x and the proper 
time T can be established as 



[Z%^1, [T]rf = -2, 



(168) 



It is easy to evaluate the Trln Dyy and TrDgc by directly using the result of the heat 
kernel method, which reads 

,1. 



f o -L 

eTrXnUyy ^ J tr[ao,vv(^2,vv] + :^{^^v,iJ,uT'- 



V ) 



eTr In 



1 r 

+ ^ma2yv(^2,vv\ 
2 1 



-L 



(169) 
(170) 



from these results, to extract the divergences of quadratic and logarithm is straightfor- 
ward. 

1 — X ^vv;iJ.vX '^^^1) it needs 
somewhat labor. Below we hst some crucial steps of calculations. The first two relations 
are about the action of the covariant differential on the propagators, which read 



dX 



^^-l^exp{-e,r}exp(-|3^) 



x[^ + D^)H{x,y;X), 



4X' 



X 



{AnXy 



H{x,y;X) (171) 
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The second relations are about the Short distance expansion, which make it possible 
to covariantly expand the external fields over the coordinate space, and are defined as 



xDx = xdx + xTwX - xxr^ , 

XDDX = XddX + XTwTwX + XXT^V^ - 2XVwXV^ 

+2XTwdX - 2XdXT^ + XdV^X - XXdV^ . (172) 

The rest of corresponding relevant integrals are based on these two relations given 
in Eq. (171) and Eq. (172). So that after dropping those quartic divergences and only 
keeping terms up to O(p^), we can get the following results about the logarithm and trace 
of the terms Tr In D^^ and Tr In - x" '^v\;tJ.vX' ^^l^ 

Jx 



(173) 

Trln (l - Tn-^y.^X^ti) = \ Iip4=t + p3t+p2t) . (174) 



The r^j, is the field strength tensor corresponding to the affine connection F^. We have 
used the dimension regularization and the modified minimal subtraction scheme to ex- 
tract the divergent structures in this step. The pAt represents the contributions of four 
propagators tr{XO^yyXO'^^^ XO^y^^XO'^^^), which reads 



pit = ^'^"^i^'"' 



6 



- tr[2X afjX a' P' ^OlX 01 



j—i/ ^fj, '—V j—v^ii: i—v i—v ^ji! i—v 

+2XoiXq^Xq,'^/Xoi + XafjXox^otijiiXQx + ^m^aji^m^a'BA 
gal3a'l3'a"(i" 

+X ctj^X ai pi(yQ,iiX a" ^iiXqx + X o^pX (i'^^^.e^iX^xX a" ji" 
+Xa/3Xa'f3'Xct"f3"O'0,VvXQi + X af^X a' f3' X qi(Jo,VvX fj^//p// 

ocfi^ a! fi<^ a." fi<'^Q\^^,ii + ^ a.^^ o! o." ^''^'i-.i^ 



(175) 



The pit represents the contributions of three propagators tr{X^-ij^^^X^^^Xa.^d°'dP^^^^^ 
which reads 

P^t = 9t,utr[Xoi(JoyvXaf^Xa'0' + X„^Cro,yyXoi^a'/3' 
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(176) 



The p2t represents the contributions of two propagators tr{X.'^y^-ij^X'^'(^^\ which can be 
further divided into six groups: 



p2t — Iaa + ^ AS + ^AC + ^BB + ^BC + ^CC ; 

, _ y /y y y y 

''AA o \ a o o 



tsB 
tBC 



;i77) 



+ g-^g-'^'g^'r)tr[x'^f,ao,vvDsD^xl,p, 



+ 



y /y y y ^y y 



9 



9 



24 

al3a'l3' 



9tiutr[Xap<^0yvXa'f3'O'2,ii] + 9fifM'9iyiy'^1''[X ap'^2,VV-^ a'/3''^0,^^ 



tAB — 



12 

9a'a"9tii' 



9p.vtr\X^pOQ^^(a2,(_e^X^,p\ + 9ixii!9vv'tr\X^pOiiyya^yyXa'P' 



^gapga , _ , )tr[x ^pUoyvD p> X - X D X ^(,<J, 



^^g^Pg^'ff _ lg'^P-'P')tr\X^^Dp,X^\^^^^ - IT" a^yyDp.x\p\ 



(178) 



tAC = ^ — tr[Xaf3croyvXo-i + XoiCroyvXap + ^a/3<^o,yyXo3Z + Xo^z'^oyvXap 

-da!Xo,pOQyyXQ-iY - Xo^y'^Oyvda' X 

-T^" t^[9lJivXQiXocl3(^2,£,£, + 5'/^M'W^a/30-2,yV'Xoi] 



6" 4' 

^lia _ , 



tec — 9lxvtf[XQiXQi + XqiXq^^z + ^OaZ^Ol ~ ^a'^Ol^OSY ~ ^osy^a'^oi] ■ 



(179) 
(180) 

(181) 
(182) 



where the trace is to sum over the group indices, and the high rank tensors gr"/3T<5 q^^^ 
gafi-ySnu symmetric on all indices and defined as 



gat3yS ^ gaPg^S ^ ga^ gPS ^ gaS g/3^ ^ ^^g3^ 
gaji^Snu _ gal3g'ySnu _|_ gU-y g/BSnu _|_ gOS g-y/Sf^u _|_ gaUgP-ySu _|_ gaUgP-ySn (184) 
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The formula given in Eq. (175 — 182), can reduce to the ones given the SU{2) case [22]. 



Substitute the relevant matrices in the appendix A into the formula given in Eqs. 
(175 — 182) and after some tedious algebraic manipulation, we can extract out the com- 
plete RGBs of the system, which will be provided in our next paper with including the 
effective Higgs sector [23]. 

To derive the RGBs, we have taken into account the contributions of Fermions in 
the SM to the gauge couplings g and g' . For the sake of simplicity, we do not consider 
the fact that top quarks are much heavier than other fermions (b quarks), so there is no 
contribution of fermions to the AGs. Strictly speaking, we should consider several possible 
cases for the EWCL of Higgs: 1) Higgs scalar is heavier than top quarks, 2) Higgs scalar 
is as heavy as top quarks, and 3) Higgs scalar is lighter than top quarks. We will conduct 
such a study in the future. 

The complete RGBs, which are expressed in the BCs Cj, are quite comphcated and 
difficult to understand. We will provide in our next paper. But here we would like 
to provide a simplifies version to extract some helpful features about the RGBs. We 
can expand the effective couplings Cj in aig^{aig'^) and neglect those higher powers of 
aig'^{aig''^), and get the following simplified version of RGBs 



E. The renormalization group equations 




YpV^ P + ^ (l + 31p)J -2^8^ ^^~J' 



(185) 




(187) 



(186) 
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One feature about the RGEs given in Eqs. (185 — 198) is that quartic AGs {a^, a^, a^, 
aj, and «„) will not contribute directly to the (3 functions of quadratic AGs (ai and ccg), 
and the contribution is mediated by the triple AGs {a2, a^, and ctg), and vice versa ( such 
a statement only exist in the approximation we have used) . Similarly, quartic AGs do not 
contribute directly to the (3 function of gauge couplings g and g'. 

Another remarkable feature is that the contributions of the quartic AGs dominate the 
P functions of the triple and quartic AGs and those of the triple AGs dominate those 
of quadratic AGs, if we estimate the contributions of AGs by using the experimental 
constraints given in Eq. (1). 

The third feature is that the AGs in the (3 functions always appear with gauge couplings 
(g'^ and g'"^) in the form aig'^{g"^), and this fact is related with the parameterization of the 
AGs in Eq. ( 17 ). Actually, according to our modified power counting rule, the higher 
power of these combinations should also belong to 0{p^) and should appear at the beta 
functions. Here just for the sake of simplicity and in order to qualitatively understand 
the running behavior of the AGs, we have intendedly omitted higher power terms. The 
complete RGEs will be provided in our coming paper. However, the numerical analysis is 
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based on the complete RGEs. 

To get a negative S parameter, large positive initial cti at the matching scale is one 
possible solution, as many new physics models propose. Here, based on the RGEs of the 
tti, we regard it is possible to generate a negative S through the radiative corrections. As 
indicated by the (3 function of ai, such a mechanism is possible either for a large p ( which 
make the leading contributions smaller or even negative) or for large triple AGs, especially 
the a2 and due to their terms have a factor 3 compared with ag and ag (only if they 
have different signs, and 0:2 is negative ). But considering the fact that p is constrained 
by the T parameter, and according to the (3 function of p, we conclude that a reasonable 
way is large triple AGs. It is no hard to find solutions to the negative S parameter at mz 
with positive initial value at the matching scale in the parameter space, and the region 
for such a solution is quite large when considering the present experimental limits on the 
AGs given in Eq. (1). Such a new mechanism might be a good news to some technicolor 
models, where the theoretical predictions on S contradict with the present experimental 
measurement. 

In the case when all AGs are of order j^^, we can neglect those terms related with 
ai. In this limit, our result should reduce to the result of the DM, which has the following 
form 
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dt 
dt 

while the rest of AGs vanish and do not develop, according to the calculation of this 
method. These constants in the P functions of aj's come from the contribution of Gold- 
stone bosons. 
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Below are several comments on the RGEs up to O(p^). 1) The RGEs complete the 
EWCL as an effective field theory method to effectively describe the SM (without Higgs) 
below TeV, since the RGEs are one of the basic ingredients of the effective field method. 2) 
Although the RGE method is essentially equivalent to the calculations of infinite Feynman 
diagrams by keeping to the leading logarithm results, it simplifies the calculation of loop 
processes and makes the matching procedure much easier. 3) Not like the DM, the RGE 
method includes the contributions of all low energy DOFs, not only those of Goldstone 
bosons, but also those of vector bosons and those of mixing terms of these two kinds 
of bosons as well. As we have shown in the SU{2) case [22], the last two kinds of 
contributions might make the predictions of these method complete different. 4) The 
RGEs also provide a new powerful tool for the comparative study on the possible new 
physics near TeV region through the study of vector boson scatterings. The effects of the 
heavy DOF to the low energy physics are quite transparent in this method, only the masses 
(which determines the matching scale) and the couplings with the low energy DOF play a 
part. Compared with the traditional procedure ( to formulate Feynman rules, construct 
Feynman diagrams, calculate Feynman integral, renormalize the full theory, and extract 
radiative corrections ), the RGEs have integrated these necessary steps into a powerful 
and ease-to-use chip. 

About the simplified- version RGEs given in Eqs. (185 — 198), we would hke to point 
out that in the effective Lagrangian of the Higgs model, the AC can reach 0(1). So the 
terms contain can make the behavior of the AGs quite different from the predictions 
made by the DM^, as we will show in the next section. 



Most of the past works have considered how to extract the non-decoupling contributions of 
heavy Higgs. Therefore the tree-level contribution from the exchange of heavy Higgs should 
vanish in the decoupling limit. Their results indeed have discarded the tree- level contribution 
and are consistent with their assumptions. Since in the decoupling limit, the terms proportional 
to v'^ /m'jj indeed can be safely neglected. (The result given by M. J. Hcrrcro and E. R. Morales 
has correctly included the tree level contribution.). But unfortunately, people use those results 
to consider the Higgs effects even for the light Higgs case (say 200-600Gev), where v'^/m'jj is 
not a small number which can be safely neglected, and its radiative correction is not small as 
expected from the NPC rule 
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VI. NUMERICAL ANALYSIS: THE APPLICATION OF THE RGE METHOD 

TO THE HIGGS EFFECTS 



To solve the differential equations of RGEs ( the numerical analysis in this section 
is conducted by using the complete RGEs, while the simplified-version ones given in 
Eqs. (185 — 198) can provide a qualitative understanding to the behaviors of the AGs. 
Quantitatively, the differences of results made by the complete and the simphfied are 
neglectable, at least for the below case.), we need some basic inputs, which are also called 
the boundary conditions. The boundary conditions of the RGEs given in Eqs. (185 — 
198) contain two classes: 1) the class of the low energy boundary conditions, where the 
parameters g, g', and vq are fixed from the experimental values. We take the following 
experimental inputs 

mz = 91.18 GeV, , mw = 80.33 GeV, sin^vK(^z) = 0.2312, ae{mz) = , (208) 

128 

with these inputs, according to the definition of g, g', and vq, we have 

g{mz) = 0.65, g'{mz) = 0.36, vo{mz) = 246.708 GeV . (209) 

2) the class of the matching-scale boundary conditions, where the initial values of the 
AGs ai are input by integrating out the heavy DOF and matching the full theory with 
the effective theory. For the heavy Higgs case, at the tree-level the matching procedure 
yields 

1 

^^^^^'> " 8^ " 4A' " ^ ' 

while the rest of AGs vanish. For the RGE of DM, we will set all AGs vanish expect that 
p{mo) = 1, in order to exaggeratingly demonstrate the differences of these two methods. 

The relations between the AGs and the precision test parameters, the quadratic ver- 
tices (S, T, and U) and the triple gauge vertices are determined as [6, 33] 
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+-^e^(ai - a2) + ^e^(a3 - as + ag) , (216) 

- 1 = ^e^f-CKi + a2 + a^- as + ctg) , (217) 

Below we conduct a comparative study on the predictions of the RGE method and 
the DM in the effective Lagrangian of the Higgs model. 

As we know, the Higgs scalar's effects include both the decoupled mass square sup- 
pressed part as shown in Eq. (24), and the nondecoupling logarithm part as shown explic- 
itly in the RGEs of the DM. So we consider the following four cases to trace the change 
of roles of these two competing parts: 1) the light scalar case, with mo = 150 GeV, where 
the decoupling mass-square-suppressed part dominates; 2) the mediate heavy scalar case, 
with mo = 300 GeV, where the decoupling mass-square-suppressed part dominates; 3) the 
not too heavy scalar case, with mo = 450 GeV, where both contributions are important; 
4) the very massive scalar case, with mo = 900 GeV, where the nondecoupling logarithm 
part dominates. 

Fig. 1 is devoted to the first case, Fig. 2 to the second case, Fig. 3 to the third 
case, and Fig. 4 to the third case. We also scan the region with the mass of Higgs taken 
from 120 GcV to 420 GeV, and the result is given in Fig. 5 In Fig. 6, wc compare the 
predictions of these two method to the AGs and to the precision test parameters, 1) the 
quadratic vertices parameters, S and T (the U parameter is quite small in both methods); 
2) the triple gauge vertices, gf — 1, kz — I, and k^ — 1. 

Due to the large contributions of the leading terms and the fact that quartic AGs do 
not contribute to their /3 functions, the gauge couplings g and g' arc quite dull to the 
effects of the AGs. So there is no viewable difference between these two methods, and we 
omit the running of these two gauge couplings. 

The differences of the AG ai in these two methods are small in these three cases 
we consider. The underlying reason is due to the large leading contributions in its beta 
function, and due to the cancellation of the terms a2 and 0:3 (since a2 and have the 
same signs). 

The differences of these two methods are dramatic in the AGs a2, 0:3, and 0:4, when 
Higgs scalar is far from its decoupling hmit, similar to the SU (2) case [22]. The differences 
of the AG CKs is the most dramatic, since the tree-level contribution is much larger than 
the loop corrections. As revealed in these figures, the heavier the Higgs, the smaller the 
differences between these AGs. 

For the AGs a^, ay, as, ag, and «„, due to the fact that the DM predicts a vanished 
value, the differences are at the order of 10~^ in the first case (except ccg which is 10~^), 
at 10~^ in the second, third and fourth cases (except as which is 10~^). As the result 
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of the accidental symmetry — the custodial symmetry, the p is always near the unit in all 
these three cases. 

When the Higgs scalar is far lighter than its decoupling limit, the differences between 
these two method arc much more dramatic, as shown in Fig. 5. The tendency that the 
differences between these two methods become smaller when the Higgs scalar is taken 
heavier has been vividly outlined. 

Such differences between these two methods can not be meaningfully detected in LHC 
and LC for the ai, agj <^7) Q^Sj <^9) and a^, but can be hopefully detected for the a2-, 
^3, ^4, and 0:5 when the Higgs scalar is light. The detection power of these machines is 
estimated as 

(ai ag (5) ~ 0(0.001) - 0(0.0001), 
(as as ag) ~ 0(0.01) - 0(0.001), 

(a4 Oih oiQ a-j aa) ~ O(O.l) - 0(0.01) . (218) 

Prom Fig. 6, we see that from the triple gauge vertices, if the Higgs scalar is relatively 
light (say 200 or 400 GeV or so) , it is definitely possible for the experiments to distinguish 
the predictions of these two methods. 

VII. DISCUSSIONS AND CONCLUSIONS 

In this paper we have formulated the EWCL in its mass eigenstates, and provided the 
relations between the complete basis of the weak-interaction eigenstates and the one of 
the mass eigenstates. We have modified the naive power rule in order to reliably extract 
the large contributions of AOs and to control higher order contributions. We also have 
studied the one-loop renormalization of the EWCL and derived its RGEs to the same 
order. Theoretically, the RGEs complete the EWCL as an effective theory to describe the 
SM below a few TeV. We have studied the EWCl of the Higgs model and have found that 
after taking into account the contributions of Goldstone bosons, those of vector bosons, 
and those of mixing terms between these two kinds of bosons as well, the effects of Higgs 
can yield quite large triple AGs when the Higgs scalar is light. 

It is helpful to compare the result of the RGE method and the DM with the underly- 
ing renormalizable theory, the SM, to see why the trilinear couplings have such different 
behavior in these two methods in the lower energy region. The terms proportional to 
quartic couplings in the beta function of trilinear couplings, is equivalent to the contri- 
bution of the diagram (in unitary gauge) given in Fig. 7. While in the SM, this diagram 
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corresponds to the two diagrams (in unitary gauge) given in Fig. 8. By contracting the 
Higgs hue to a point, the Feynman diagrams in Fig. 8 reduce to the diagram in the Fig. 
7. In the SM, these two kinds of diagrams will contribute to the trilinear couplings in 
both divergent and non-divergent terms. The divergent part will contribute to both a 
small finite constant term and a term with log dependence on the mass of Higgs, while 

2 

the non-divergent part is proportional to The RGE method has correctly taken into 
account both the log term and the non-divergent part, but has missed the small finite 
constant term (by using the one-loop matching conditions and two loop RGBs, this small 
finite term will be taken into account); while the DM has assumed that the is much 
larger than m^^,,-, so in this method the non-divergent part is neglected in order to be con- 
sistent with its assumption, and only the log terms and the small finite constant are taken 
into account. In the case when Higgs is not too heavy, the non-divergent terms might 
be important, as the RGE method has revealed. In the case when Higgs is heavy, i.e. 
approaching to the decoupling limit, then only the log terms play the major part in the 
trilinear couplings, then both these two method yield the almost same prediction, with a 
small finite constant terms as difference. That is the reason why these two effective theory 
methods give quite different predictions on the behavior of trilinear couplings, when the 
Higgs is not too heavy. In the case when Higgs is relative light, the higher order operators 
(say, some O(p^) operators) might be also important, and contributions from these op- 
erators will explain the difference between the result of RGE and the exact computation 
in the underlying theory. According to the direct computation, the relative ratio of the 
higher order operators contribution over the part computed by the RGE method can be 
approximately expressed as ln(l -|- 2m^/mjj) — 1, and considering the fact that such a 
ratio is quite small, so we claim that the RGE method has efficiently summed over the 
most important effects. 

In the SM, the AC is tightly related with Higgs mass. While in the nonstandard 
Higgs model [34] , the AGs will have a lack dependence on the Higgs mass at the matching 
scale, 

«5 = «v = = ^, aS ^ 5, 7 a) = 0. (219) 

With the RGEs, we can careful explore the effects of quartic couplings to low energy 
dynamics, in this model. 

The RGEs will greatly simphfy the procedure for us to study the effects of the new 
physics beyond the SM, due to the fact that the tree- level matching conditions are enough 
for the calculation while the one-loop contributions have been efficiently summed up by 
the RGEs. As the applications of the RGEs, it is easier to comparatively study the 
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possible effects to tlie vector bosonic sector of tlie SM wliicli miglit come from various 
possible new physics candidates, SUSY models, TC models, or ED models. 

To establish the modified power counting rule and to derive the RGEs, we have as- 
sumed that all AGs are of 0(1). By assuming AGs of 0(1), the EL might be limited in the 
realistic application, due to the fact that the amplitude of the longitudinal components 
of vector bosons (Goldstones) scattering processes at higher energy regions might violet 
the unitarity condition once the momentum of vector boson goes a little higher than the 
mass of vector bosons. However, considering the fact that the parameter space of the 
effective theories should be composed by both the ultraviolet cutoff Kuv and the AGs at 
that scale, the condition for the violation of unitarity just imposes a helpful correlation 
on the matching scale and the magnitude of AGs. If the magnitude of AGs is smaller, 
then the Kuv can be larger, vice versa. So our assumption and the RGE method have 
relatively more flexibility to match with an unknown underlying theory from rriw io At:v 
than the specific assumption by assuming AGs are tiny and the cutoff is at 47ri'. As 
the matter of fact, for the case when the AGs is large, before the unitarity condition is 
actually violated, new particles or new resonances might have been found. Therefore, new 
effective theories should be formulated to include new particles, and new RGEs should be 
derived. 

In order to simplify the calculations, we have not included the contributions of the 
Fermion, especially the RGEs of the case with the top quarks much heavier than the 
bottom quarks and the EW symmetry is further broken from the fermionic part, where 
the anomaly term and terms violating (7, P, and CP might be important after taking 
into account radiative corrections. 

The real world might prefer a hght Higgs, as predicted in the SUSY models. So it 
seems necessary to take the Higgs scalar as one of the basic blocks of the SM, and consider 
the corresponding EWGL with not only the effective bosonic sector but also the effective 
Higgs sector [13]. We will consider such a case in our future works [23]. 

The one-loop RGEs still can not reach to the precision which can be approached by 
the future's colliders, we will provide two-loop RGEs of EWGL in our future works [23] . 
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VIII. APPENDIX: THE RELATED MATRICES 



In this appendix, we provide the related matrices of the quadratic terms of the Ci-ioop- 
The basic definitions include, 1) the physics fields W~^, W~ , Z, and A from the interaction 
eigenstates: 



1 1 
Z = - (sinewB - cos ewW^) ' 2 {^^^^^^ + sin%W^^) , 

2) the Lie algebra generator matrices: 



T- 



There are some definitions to simplify the expressions: 

Hi" = di'Wl + (TW^ , = di'W'^ + (FW^ , 
= d^Z"" + d^Z^ , SF^t" = W^Z" + WlZi" , 
SF^^" = ZW_ + Z^'W^ , SF'^'' = W^W^ + W^W^ , 
SWI^" = Wi^W!;^ , SWtt" = WttW!l_ , 
SZ'^" ^ Z^'Z" , SFP ^2W+- Z , 



(220) 



(221) 
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SFM = 2W- SFZ = 2W^ ■ W- , 

OW+ ^W+-W+, OW- ^W^-W^, OZZ ^ZZ. (222) 

Below are those related matrices of the quadratic terms. The field strength of Fy is 
given as 

\ 



i vv 



^ AA 


^ AZ 


AW+ 


^ AW- 


^ ZA 


^ ZZ 


^ ZW+ 


^ zw- 


^ W-A 


^ w-z 


J- W-W+ 


^ w-w- 


^ W+A 


^ w+z 


J- W+W+ 


J- w+w- 



and its components read 

- AZ 

.(2e + C5) 



^ AA 



^ AW+ 



p/ii/ 
^ ZW+ 



p^ii/ 

i W-W+ 



^ AW- 
p/i^ 
^ W+A 



^ ZA 



^ ZZ 



0. 



= i- 



y^^v ^ (2e + C5)C7 ^^^ ^ 



—i- 



.2eC2 + C2C5 + Ci(-a + C^7) 



-C7 



2eC2 + C2C5 + Ci(-C6 + C7) 



2 



' ZW- 



' W-A 



_p/ii/ 



' ^ W+W- ~ ^ W-W+ ' ^ W-W- 



(223) 



The field strength of is given as 



and its components read 



p/ii/ _ 



/ -p/^I^ "pA^^ T^M^ 
feSz 5zC" 

T^fj-iy T^f^f pM*^ 

-^?-«+ 



^ pM'^ pAf 



p/il/ 

p^tl^ 



p//I/ 
p/il/ 



p/ii/ 



p^il/ 



= I- 



_=0, 

-262^ + ^^Gp 



_p/ii' 



^e+«z 



■ ^ ez?+ 



(224) 
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The ayy — Sayy + Aayy, and the symmetric matrix Sayy is determined as 



/ Sa 



AA 



Sa 



AZ 



^'^ZA S^ZZ ^^ZW+ ^'^ZW- 
"^^W-A "^^W-Z '^^W-W+ "^^W-W- 



\ ^^w+A "^^W+Z '^^W+W+ "^^W+W- / 

and its components are hsted as 
S^AA = -^^{-^e' + Cl) SF, 

(_i2e2 + 4eC5 + C|) SFZg^'' , 
^ ' 4e2C2 + C5(C2C5 - CiCe) - 2eCiC7) 



Sf^AZ 



'^^AW+ 



Sa 



ZW+ 



1 

+ 



+e(-4C2C'5 + 2Ci(C6 + 3(:77)) 
1 



SFZg^" , 



((2e-C5)Cv) SF 



+ ((-2e + C5)C7) SFMg"" 



I6VC1 



AC. 



9z 



(4e'C2' - ClCl + 2C1C2C5C6 + 4eCiC2C7 - Cl{Cl - 4C9)) -SFr 
^ ^ Vle^Cl + ClCl + 2CiC2C5(-C6 + C7) 



+4eC2 (C2C5 - Ci(C6 + 3C7)) + Ci'lCe' - 2C6C7 + + IGCg) 
+8— ^Z'^'^ , 

— ^ (-2eC2C7 + C2C5C7 + Ci(-C6C7 + SCg + 4C9)) 
°\j9z^\ 

1 

+ 



+^- 



1 



(2eC2C7 - C2C5C7 + Ci(C6C7 - C] + 8C9)) 5FM^ 

(2^z/.«,Cl + C2C5-ClC6)i^^^^ 



(225) 
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•fj,!/ 



2eC2 + C2C5 + Ci{-Ce + C7)y 



+gzCi{Ae^ + AeC^ + C| + 32Cia)) SFZg'^'' 



1 



(2eC2 + C2C5 + Ci(-C6 + C7))' 

OW+g"" 



l^gzCl 

+gzC,{Ae'' + AeC^ + Cl - ^2C^C,) 



n uu 
^'^W+Z 



HgzfL + + 2Ct,)swr , 
^1 

^^AW+ ' ^^ZA — ^^AZ 1 ^^ZW- ~ ^^ZW+ ' 



'AW+ 

^^AW- ' ^^W-Z '' 



'-"^ZW- ' '^'^W+A ~ '^'^AW+ ' 



Here f means to change the field and i ^ —i. 

The antisymmetric matrix Aayy is given as 



^OVV 



and its components are hsted as 





Aa^A 


AaZ 


A(^AW+ 


^^AW' 


\ 




Aa'zA 


Aa^z'z 


Arr'^" 
^^ZW+ 


An^" 

^^zw- 






Ac^w-A 


Ao'w-z 


A(^w-w+ 


A^w-w- 




V 


Af^w+A 


Af^w+z 


A(^w+w+ 


AcTw+w- 


J 



^ ((6e + C5)C7)Fr + i ^ 



Arr^"" 
^^AW+ 

Aa'^z 

Arr^" 
■^'^ZW+ 



8VCT 
0, 

1 

1 



(6e + Cg) W: 



(226) 



(227) 

(228) 

(229) 
(230) 



■eeCsCr - C2C5C7 + Ci(C6C7 + SCg - 4C9)) Fl"" 

{2gzfM - 4eC2 - C2C5 + CiCe - 2C1C7) Wt^" , 
9zfl 



A(^w-w+ 



Arr'^" 



2e + C5 



p2 



2Ci ■ '7 " ' 2 

^ 1 AW- ~ ^'^AW+ 1 ^^ZA — AZ 1 
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■^^ZW- ~ ^'^ZW+ ' ^'^W-A ~ AW- ' ^^W-Z ~ ^^ZW- ' 

Arr^'' — -Arr'^" Arr'^" — -Arr'^" Arr'^" — -Arr'^" 

■^^W+A ~ AW+ 1 -^^W+Z ~ ■^'^ZW+ ' ^W+W- ~ '^W-W+ ' 

Aa^^^^^O. (231) 
The symmetric (72,55 given as 



(J2,55 = 



^ '^2,iziz ^2,5^5+ Cr2,5^5- \ 
^U-^z <^2,5-5+ 0-2,5-5- 

V <^2,5+«z cr2,5+e+ (^2,5+?- / 



and its matrix components are listed as 

<^2,iziz = jpSFZ , <72,5,5+ = ^^5FM , (232) 

<^2,5-«+ = ^C>^^ + ^SFZ , (72,5-5- = ' (233) 

^2,5z5- = f^2,5z,5+ ' ^2,5-5z = cr2,5z5- , cr2,5+5z = cr2,5z5+ , 

c^2,5+5+ = (^2,5+5+ ' ^2,5+5- = cr2,5-5+ , (234) 

One feature about the (7yy and (72,55 remarkable. There is no terms like d- Z, d-W^ 
in the components, the basic reason is due to the gauge fixing terms we have chosen in 
Eq. (121). 

Considering the fact that only the diagonal components of the matrix (J4 contribute 
meaningfully to the renormalization up to 0{p'^), we only list those we concern 

' G 
,2 An'i 



PV^<^A,iziz = Hi[-^C4 - -C7 



+ 8^C2 - 4-C3 + 2 C, + 4-jC75 

+A(-4i,C4 + 2-i^C,) 

/ V + 4G^^ o 2^^ + G^ 2 1 . 



" g^G"^ ' g^G^ ° g^G^ 
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+>Ca(-2 



+2 



7^ 



g'G 



V (74,^-^+ 



g'^G' g 
2 g^ + 2GV 



(235) 



^-^Gi + 8^G, - A^G, + 2—^ 



_ 4 t^L±^2lti±Z!)c, + ,£^l_SL)tl±Ac, 



Q2 



g'G 



G2 

2G2 + 2^V - 



9^ 



eG5 



2^^G^ + 2:i^ + /p + e^G>-3: ^ 



e^G^ 



"^^^^ + I g^ 



^^G 

G2 

^2G 



Gfi 



6g^ - 6G2 - 5t/V + 3GV 



e^G^ 

* 2 



, -6 + 5p 
H :=:7i — ^3 



9'G^ 
1 



Gi + 2 



eG3 



+ - 4 



G, 



G2 



- 2/ - 2e'G' + 2g'G' + 6 , 



, 2^2 o ^'^G^p 
+e^Gy - 3 — — 

9 

^i9'-Gr 



G5 + 2 



-3 + 2p 

(?2G 



G6-2 



-2 + p 

9' 



G5 + 4- 



'2 + p 



G, 



+2e 



+ 8e^^G2 + 4^4^^^3 - 2 



(?2G3 



G^ 



^2-2(?V + 3GV 
GV 



G4 



^2G3 



9'G'P 



{9'-G-)p, 



P 



P 



,2^2 -G. + 12e-|^G2-6^G3 + 6ep-,G. 



-e^Ge + - S^G, 



^2G 



+ A 



g'G^P 



-4 



1 /eG ^eGp' 



9G'^P V ^ 



+ 3- 



G2 + 2 



l + 3p2 



G2p 



G.-2 



1 feG eGp 



9^Gp \ g 



+ 3- 



9 



+2i±^Ge-4l±^G. + 84a 



^2Gp 



9^P 



9^ 



- 2^ ((/ - G2)(25^ - 45^G2 + 2G^ + 3GV)) G^ 



-4e^ (2/ - 45^G2 + 2G^ + 3GV) G2 



53 



-2e-^ (2^^ - Ag'G' + 2G^ + 3GV) C, 
+2pL_ (2/ - + 2G' + 3GV) C^e 

+^ (^;^ - + - 8-^ + G^) C, 

-4^ (-2/ + 4/G2 - 2G^ + GV) ^ 
+8^ (2/ - 4/G2 + 2G^ + GV) C, 



+4e^^ (g^ + - l&g^G^p + 6GV + + CV) G2 

-2^ (G^ + - 165'GV + 6GV + 45^GV^ + GV^) C^a 
-2/^(-/-G^ + 4/p-4GV)C4 

-2^^ (g^ + 8^V - 14/GV + 6GV + 3/GV' + GV) Gg 
+^ (-2/ - G^ + 12/p - 12GV + 2GV^) C, 
+^^p (-C^ + 8/p - 8GV + 2GV0 ^« 

+2<?^GV^ - G'p') a - 84Ge 



-2^G5 + 2^-;G6 + -^p^Cy 

9* g^G g^Gp 



-i9'-G')^,{4g'-8G'-5G'p)C, 
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g^G^p) 



9 



9 



{9' - 
g'G^p 



(G^ + 16/p - 2^^G''p + SGV + S^^'GV' - 4G'V) Ci 



2e^l^ [G^ + 16y V - 24^^GV + 8GV + S^'CV' - 4GV') C2 



{g' + 12/p - 20/GV + 8GV + - 4GV^) ^ 



g^G^p 



(G^ + 12/p - 20/GV + 8GV + - 4GV^) G, 



G^p 



^-{g' + G'-4g'p + 4G'p-2G'p')Gr 



+2^5^ {g' + 12/p - 32/GV + 20GV + ^9'G'p' - 6G'p') Cs 



{-G' + - l^G^P + 4GV^) 



, ^ (4/ - 4G^ + GV) G„ 

-2^ (G^ + - 32/GV + 16GV + 4/GV' - ^G'p") G, 
-16(/ - G2)yG^Ge 

The sS matrix is a symmetric matrix about is Lorentz indices, and is given as 



/ sS: 



sS^-^^ sSi:-^+ sS^^^- 



and its components read 



+4-^ {-e^GG, + g\GG^ - G,) + GGg) SPf + 2>2^SZ''^ , 



(236) 

(237) 



(238) 
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sS^^^+ = (e'G'C4 + g^-GC^ + C7) + G{2C8 + Cg) SF^^ 

sS^-^+ = 2-^ (e^G{Ci - C3) - e(2/C2 + GC,) 



(239) 



-4^ (e'G(Ci - C3) - e{2g'C2 + GC5) 



(240) 



(241) 



(242) 



The sA matrix is an antisymmetric matrix about its Lorentz indices, and is given as 



I s^iziiz s^czc- \ 



sA 



sA 



\ sA^+^^ sA^+^+ sA^+^- ) 



and its components read 



sA 



iziz 



0, 



sA, 



+2^ (-6=^^(74 + 9\GC^ - 2C7) + G(-2C8 + Cg)) F 
-2i-^ (-26^(71 + 2^^C2 + GCs) A'*^ 

-2^ Ug{C^ - C3) - 26(^2^2 + GCs) 



(243) 



(244) 



+/(GC3 + 2C6) - 2G'(C, - 2Ce)) , 

—sA^r,^+ , = , sA^+^- = —sA^-^+ , 



sA^-^- 

The matrix is antisymmetric on afi, and is given as 



(245) 

(246) 
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CM _ 

where the relevant definitions are 







VCSz^vv 



VCSw^z 



W-g$ + Wpg^^ - 2g^pW-'^ , 
W^g'^ + W+g^ - 2g^pW-^'^ , 
Z^g^p + Zf'g^-2g^pZ'', 
-2eGCi + 2g^C2 + GC5 

-2eGC2 + 2g^C3 + GCg 

2gG 
2g^Ci - GC7 



2g^C, 



2G2 
-GC7 



2gG 



(247) 
(248) 
(249) 

(250) 
(251) 
(252) 
(253) 



The A'^g matrix is antisymmetric on a/?, and is given as 



— 








\ icswizA 



a/3 



ICS 



W^g^ 



f3 ya 



- M 
9^, 



Kh' = w;g^ - W^gl , 



(254) 
(255) 
(256) 



The Xi is a 4 X 3 matrix 



vX^ 



and its components read 



'^■}V-£,z 



YlJ-a 



Km- \ 

YlJ-a 

^i,zi- 
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= e^-^^^^S^SFT + e^^^^^^^SFZg'^^ , (257) 
+e(-^ + |)^FM,-, (258) 

^^I^l±2^SFZg<^^ + ^^SZ'^^ , (259) 

vi^a f^gCv , SCg-CgN g'^Cr + ^GCs + 2GCg 
= + ^ 

+ (g - ^)SFMg'^>^ + - ^)W^'' , (260) 

_ ^g'C7 + AGCs - 2GC, , g^C, + 4GCs + 2GC9 ^ 

g'C, - ^GC g^p^a, + r^9'C, + GC, ^^^ ^^61) 



2^62 ^ G^ 

_ .^2eGC^ + 2lC^ + GC, 



2^7G ^ ' \ G g 

eGG,-g'C,-AG{C, + 2G,) _ eGC, - g'C, + 4GC, 

2gG ^ 2gG ^ 

+C-^-^)sz-^ 

^ (-r n ' 



-I 



G g 
-2eGG2 + 2g^Gs + GCQ 



gG 



Z"^^ , (262) 



+^ (-eG, + ^ - 4C,^ , (263) 

The X^" is a 4 X 3 matrix 
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2 — 



and its components read 





Y^J.a 


YfJ.a 






YfJ.a 


YtJ-a 
^2,Z^~ 




Yfia 


^2,W-^+ 


YfJ.a 

^2,W-^- 




Y^^Oi 




YfJ-a 

^2,W+^- 


) 



YlJ-ct 
^2,Ai+ 



YI^'^ 

^%ziz 
yv^ 

^2,Z£,+ 



^2,W-iz 



YlJ'O' 

^2,W-^+ 



^2,W-£,- 

^2,W+£.z 



Ae^GC2 - G^C5 + g\2GC2 + C5) 



0, 
1 

0, 
1 



g^C2 + eG(-Ci + C4) 



pan 



2e(-2/ + G'2)C2 - Ae^GC^ 



-G'C6 + /(2G'C3 + C6-C7) 



gG 

2g^C, 



G 



(265) 



(266) 
(267) 



= 2i 



1 

gG 



eGC^ + g^-C^ + C^, 

r\ Yt^ Y"M<^)t Yl^^ Y"M<^)t 

^ ' ^2,A£,- ~ ^2,A£,+ 1 ^2,Z^- ~ ^2,Z^+ ' 

^2,VF-Cz ' ^2,W+i+ ~ ^2,11^-5+ ' ^2,W+i- 



^2,W-i- 



(268) 
(269) 

(270) 
(271) 



The matrix is given as 



\ 



VA* 7M 7/^ 

^01,Z^z ^01,Z$+ ^01, z^- 

7M 7M 7M 

^01,iy-^z ^01,iy-^+ ^Ol,W-i- 

yil yil yfl 

\ ^Ol,W+iz ^Ol,W+i+ ^oi,w+s,- / 



and its components read 



0, Zl" 



Ol,Ai+ 



--g{2e + C,)vW^, 
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7/* 



'^01,W-^z 
^Ql,W-€,- 



~ ^01,A$+ ' ^01,Z^- ~ "^01.Zf+ ' 



0' ^01,Ae 

^Ql,W-e,z ' ^01,VK+C+ ~ ^01, VK-^- ' ^oi,w+i- ~ ^01,VK-^+ 



The matrix Xq^ is given as 



01 



/ 7/i \ 

' ^03,A^^ ^03,A^+ ^03,Af- ^ 

7^^ 7^^ 7/^ 

^03,Z^z ^03,Z^+ ^03,Z^- 

7/^ 7/^ 7/^ 

^03,W-^z ^03,W-^+ ^03,^-^- 

7/i 7/i 7/i 

\ ^03,W^+Cz ^03,W^+C+ ^i)z,w+e,- / 



and its components read 



^03,A^z 
7^ 

^03,^4+ 



7M 
7/i 

^03,Z^+ 



^03,1^-^- 

7M 



0, 

A— FT- + 

^ G g 

V n 



9 



OZZ 

Q3 



C2 - 2^C3 



3 -g' + gG' 
2 



C, 



^^-^Ce + 2-C,)SFZW!^, 
z Lr g ^ 



0, 

f2e'^GC^ 2e'^GG 
M 5 ^ — 



9" 9' 

2g^ - Sg^G"" + G^ 



)ozz WL 



G3 



Ci - 2eg 



2/ 



e 3/ - 2C;^_^^ ^ 1 + 2^^ ) SFZ , 



Q2 

e^G 



G' -2l + g^ 



Q3 



9G 



Q2 



9' 



0, 



^2e'^GCs ^ 2e^GCg 



3 g3 



)OZZ Z" 



e-2g^ + G'' I2g-' - gG^ g 



^2 gG 

' ^03,A^- ~ 



Q2 



+ |Cr + ^^Gb)SFZ Z^ , 



7M.t 
^03,A?^ 



7M 

^03,Z^- 



7M,t 
"^03,Z^+ 



7^*: I 7M 7 

^03,H/-$z ' ^03,iy+^+ ~ ^' 



03,iy-$- 



03,iy+^- 



^3,Ty-{+ 
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In these tilded quantities, there are also no terms hke d ■ Z and d ■ W . The unbroken 
Uem symmetry is exphcit in these matrices. 



Figures and Captions: 




(g) (h) 



61 




62 




63 



0.00002 
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(j) 

FIG. 5. The ai{mz) with the scanning of the Higgs mxiss from 120 GeV to 420 GeV. The 
solid lines are for the RGE method, while the dashed lines for the DM. The fig 5. a — figS.i are for 
the AGs ai — aa, respectively. The figS.j is for p. 




(c) (d) 
FIG. 6. The precision test parameters at mz with the scanning of the Higgs mass from 120 

Ge V to 420 Ge V. The solid lines are for the RGE method, while the dashed lines for the DM. The 

figd.a is for the S-T plate, where the S and T are represented by the x and y axes, respectively. 

Thefig6.b, figd.c andfig6.d are for the triple gauge vertices gf — 1, kz — l, andkj—1, respectively. 

While for these three figures, the x axe is the varying of the mass of the Higgs. 
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FIG. 7. The related Feynman diagram (in unitary gauge) in the effective theory which con- 
tribute to the trilinear couplings. 
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FIG. 8. The related Feynman diagram (in unitary gauge) in the renormalizable theory which 
contribute to the trilinear couplings. 
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